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Abstract. In the gravitational context, Liouville theory is the two-dimensional 
conformal field theory that controls the boundary dynamics of asymptotically 
AdSs spacetimes at the classical level. By taking a suitable limit of the cou- 
pling constants of the Hamiltonian formulation of Liouville, we construct and 
analyze a BMS3 invariant two-dimensional field theory that is likely to control 
the boundary dynamics at null infinity of three dimensional asymptotically flat 
gravity. 
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1 Introduction 

As a non trivial two-dimensional conformal field theory, Liouville theory is ubiquitous in 
theoretical physics (see e.g. [[IllZlEl for reviews). In particular, in the context of three 
dimensional asymptotically anti-de Sitter spacetimes, and more generally the AdS/CFT 
correspondence (see e.g. section 5.5 of flU), Liouville theory controls the boundary dy- 
namics (51 on the classical level : starting from the Chem-Simons formulation of anti-de 
Sitter gravity flUITl, it is obtained through a Hamiltonian reduction from a suitable Wess- 
Zumino-Witten model by taking into account gravitational boundary conditions. 

For flat three dimensional gravity, asymptotic dynamics that is as rich as the one of 
the anti-de Sitter case can be defined at null infinity [[8l HI [TOl. It can be connected 
through a well-defined flat-space limit to the anti-de Sitter case ifTTI : the limit of the BTZ 
black holes are cosmological solutions whose horizon entropy can be understood from 
symmetry arguments [[T2l[T3l consistent with those of the anti-de Sitter case [[T4|. 

In this context of flat space holography, a natural problem is to construct the action 
that controls the boundary dynamics by starting from the Chern-Simons formulation of 
flat gravity and taking the gravitational boundary conditions into account. This will be 
addressed in detail elsewhere. 

In this note, we take a short-cut and directly construct a candidate for such an action: 
by taking appropriate "flat" limits of Liouville theory, we construct two BMS3 invariant 
two-dimensional field theories and work out their Poisson algebra of conserved charges. 
Whereas the first limit has no central extension, the second one admits a central extension 
of exactly the same type than in the gravitational surface charge algebra. 

The constructed theories are interacting two-dimensional field theories with a symme- 
try group that is of the same dimension than the conformal algebra. We briefly elaborate 
on some of their classical properties by working out the anomalous transformations laws 
of their energy momentum tensors on-shell and relating them to the general solution of 
the field equations obtained from a suitable free field. 

2 Liouville theory, flat limits and BMS3 invariance 

We start by writing the Liouville action in Hamiltonian form on the Minkowskian cylin- 
der with time coordinate timeQ u, angular coordinate (p G [0,2n) and metric fj^v = 
diag(-l,Z2), 

lH[(p,n;^,}i,l\= j dud(p Ch, = ^(p -^tz^ - ^(p'^ - ^e^i'. (2.1) 

'The choice of the letter u for time is due to the fact that the time of the flat Umit is a null time in the 
gravitational context. 
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In this parametrisation, if L is the basic physical dimension of length, [cp] = L^, [n] = 
L~5, ['y] = L~5, [I] = L, and [ji] = [L]~^. The cylinder coordinates are related 
to the light-cone variables through = j ± (p. Under two-dimensional conformal 
transformations x"*" = F{x~^), x~ = G{x~), the Lagrangian action is invariant if the 
field transforms as 

^{x) = (p{x) -^InF'G'. (2.2) 
This invariance is lifted to the Hamiltonian action through 



n{x) = }. — I n[x] 



j{d+ + d-)(p{x)^ + 



We are interested in two types of "flat" limits of the Hamiltonian Liouville action. 
The first consists in just taking I oo with 7, fi fixed, 

IhW, 7r;7, }i] = J dudcp Cr, jCh = ncp -^n^ - ^f''^'^- (2.4) 

In this case, it is still possible to eliminate the momentum by its equation of motion 
leading to 

hW-'l'^] = 1 dudcp Q(p2 - ^eT'?'^ . (2.5) 

For the second limit, we first rescale the field and its momentum through a canonical 
transformation, 

cp = l^, TT = y, (2.6) 
and then take the limit while keeping /3 = 7I, v = fixed so that 

Ih[^, n; fi,v]= I dudcp Ch, Ch = U^- \^'^ - ^e^^. (2.7) 

Even though there is no local second order version of this theory, one can in principle 
eliminate from the action. In order to so, one has to solve the equations of motion 
of O in terms of FI at the price of sacrificing spatial locality. In this way, one ends up 
with a theory for IT that is of second order in time derivatives. For example, in the mini- 
superspace approximation where the canonical fields do not depend on cp, one ends up 
with 

£L = -^ln|n|. (2.8) 

The BMS3 group admits a realization in terms of coordinate transformations of x 
R of the form 

^ = ^{cp), u = ^'{u + (x{cp)), (2.9) 
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where the tensor density ol transforms as = {a.(p'){(p). It is then straightforward to 
check that action (12.41) is invariant under 

2~ ~ 1 

(p{u,(p) = (p{u,(p) lri|^'|, n{u,(p) = —n{u,(p), (2.10) 

7 (p' 

while action (12.71 ) is invariant under 

~ _ ~ 2 ~ 



t>y using ^ - ^ - u, ^ - ^, ^ - u, ^ - -7^ ana also — 



(2.11) 



3 Poisson algebra of conserved charges 
3.1 Liouville theory 

In the current set-up, if ^ = /9m + is a conformal Killing vector on the cylinder 

duf = d^Y, a„y = la<f/, o.i) 

or, equivalently, / = ^{Y+ - Y") with Y = i(Y+ - Y"), Y+ = Y+(x+),Y- = 
Y~(x~), the infinitesimal symmetry transformations of the field and its momentum are 
given by 

-S^cp = fn + Yep' + -Y', 

^ (3 2) 

They are related to the infinitesimal versions of the finite transformations discussed in the 
previous section through trivial equations-of-motion symmetries chosen so as to remove 
the time-derivatives of the canonical variables. 

Invariance of the action follows from 

+ 3" (/ ll-' - - ^^^1 + ^^S"<t) ■ (3.3) 
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Writing —S^jCh = (^pk^, the canonical Noether current is given by —j^ = g^"^^^?* + 



^S^TZ + k^^, or explicitly 



2 2 



where the equations of motion have been used to eliminate time derivatives in the spatial 
part of the Noether current. Defining = -P'^^^ + dyk^^'^ with = -^f(p + 
-^f(p' + "^Ytc and using again equations of motions to eliminate time-derivatives gives 
the symmetric and traceless energy-momentum tensor with components Tuu = % = 

jiT(p<p, TiL(p = V where 

« = k + ^«'"+2^''"'-:^''"' T' = "9'-^-n'. (3.5) 

The associated Noether charge = j^^ is 

Q^= f^'' d(p[fn + YV]. (3.6) 

J 

In terms ofthe canonical equal-time Poisson bracket, {(p(u, (pi) , 7t{u, (p2)} = S{(pi — 
(p2}, the charges generate the symmetry transformations (|3.2I) through —S^z'^ = {z'^, Q^}, 
and the algebra of their integrands is 

where 

/ = /iy^ + yi/^-(io2), y = ^/i/^ + yiy^-(if^2), (3.8) 

and the central extension is 

%,?2 = :^y^ #[/jy^'-(i^2)]. (3.9) 

The bracket [^x, ^2]h = f^u + y^tf is related to the standard Lie bracket by eliminating 
the time derivatives using the conformal Killing equation (13.11) . Algebra (13.71) implies in 



particular that the charges are conserved. Indeed, H = Q^^^ and conservation means that 
+ {Q^/ H} = 0. This is encoded in (13.71) by choosing = ^,^2 = 9u- 
In terms of Fourier modes, the conformal Killing vectors of the cylinder are given by 

T (3.10) 
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If we denote the associated charges by 

Pm = Qp,„, Jm = Qj„„ (3.11) 

their algebra reads 

1 

i{Pm,Pn} = |2 ~ n)Jm+n, 

i{]m,]n} = {in- n)Jm+n, (3.12) 
i{]m,Pn} = {m- n)Pm+n + Z^^^^m+n- 

The change of basis P„, = 1~^{L'^ + and = l-ti~ ^-m transforms this alge- 

bra into two copies of the Virasoro algebra, i{L^, L^} = (m — n)L^^„ + ^m^Sm+n, 
i{L^, L^} = with = This is consistent with the Dirac bracket algebra of sur- 
face charges in three dimensional asymptotically anti-de Sitter spacetimes, normalized 
with respect to the M = = / BTZ black hole, which has central charges = ^ 
ifTSl . Note that the value of the central charge depends on the overall normalization of the 
Liouville action, so that an identification of the parameters depends on the details of how 
Liouville theory arises in asymptotically AdSs gravity. 



3.2 Gravitational results for 3d asymptotically flat spacetimes 

The Dirac bracket algebra of surface charges for asymptotically flat three dimensional 
spacetimes at null infinity [|9l[T0l, normalized with respect to the null orbifold (see also 
ifTTI ). is the centrally extended bms3 algebra 

i{Pm,Pn}=0, 

i{Jm,Jn} = {m- n)}m+n + ^m^^m+n, (3.13) 
i{}ni,Pn} = (m- n)Pm+n + ^ni^3m+n- 

with gravitational values Ci = 0, C2 = ^. 



3.3 Non-centrally extended limit 

The first limit / oo simply amounts to dropping all terms involving in formulas 
(I3.1I) - (I3.12I) . with the exception of (|3.10l) . In particular, the general solution to (13.11) for 
Z ^ 00 is given by 

f=T{(p) + uY', Y = Y{,p), (3.14) 
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for arbitrary functions T,Y of (p. The transformations simplify to 

-S^cp = fn + Yep' + -Y' , 

u ^ (3.15) 

-5^71 = -f^e^'P + {JIY)', 

while the Hamiltonian density in the expression for the Noether charge (13.61) reduces to 

n = \n^ + ^,e^^, (3.16) 

with V unchanged. At the same time, the components of the energy-momentum tensor 
are given by — T";, = T-L = T^^, —T^(p = V, T^u = 0. In the algebra, the central 
extension K^^^^^ vanishes while (13.81) . re- written in terms of (T, Y), turns into 

T = TiY^ + YiT^- (1 ^ 2), Y = YiY^ - (1 ^ 2). (3.17) 

In terms of modes, which now become 

Pm = Qe'in^-a,,/ }m = Qe'»''P{imudu+d^)' (3.18) 

one then finds (13.131) with Ci = = C2- In other words, while the theory defined by 
(12.41) is invariant under bxnsj transformations, the associated Poisson algebra of Noether 
charges has no central extension. Hence this theory is not related to asymptotically flat 
gravity in three dimensions. 



3.4 Centrally extended limit 

Since the rescaling of variables is a canonical transformation, the Poisson algebra (13.71) . 
or equivalently (13.121) . is unchanged before taking the limit. After redefining the constants 
and then taking the limit, the symmetry transformations reduce to 

- S^cp = Ycp' + ^Y', -5^U = -f^e^^ + {f^'Y + (nY)' + ^f" , (3.19) 

where now 9^/ = d^Y and 3t, Y = 0, or equivalently, (13.141) holds. Their generators can 
be written as in (13.61) with 

n = l^'' + ^e^^ - V = ^'U- ^W. (3.20) 

Their Poisson algebra is centrally extended, it is given by (13.71) where 

= ^['' d,p[r[Y!l + Y'{T!l- {1^2)]. (3.21) 

In terms of modes defined again by ( 13.181) . one gets the centrally extended bms3 algebra 
(Uni) with ci = 0, ^ = ^. 
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4 Energy-momenum tensor, Backlund transformation and 
general solution 

4.1 Liouville theory 

In this section, we recall the classical part of the analysis in [fT6l [TTl [TSl . 

When using the Hamiltonian equations of motion, the charge densities satisfy 

dt,n = ^dcpV. duV = d^n. (4.1) 



They are thus given by 



^ = :^(S++ + S__), P = ^(S++-S__), (4.2) 



with S++ = S++(x+), E = S (x ) and the conserved charges reduce on-shell to 

Q^ = 7^i j^ #(y+s++ + y-E__), (4.3) 

where the normalization is chosen here in order to agree with conventions used in the 
gravitational context. Equivalently, one can first express the energy-momentum tensor in 
light-cone coordinates, 

r±± = [{m±V)= \{ln ± cp'f + ^^e^^ -^\{ln± cp)', (4.4) 

so that T±± = -^^±±- One recovers the more familiar form on-shell, 

T±± = {d±cpf-hl(p, r±^ = 0. (4.5) 
Conservation is equivalent to d^T±± = and the transformation laws follow from (12.21) . 

r++ = (F')-2(T++ + -^{f;x+}), (4.6) 

where {f;x+} = -77^ — f^^Tp- = (Irif)" ~ 5((^^^')0^ denotes the Schwarzian deriva- 
tive and similarly for T 

Let us now assume fi^O. The Backlund transformation from Liouville theory to a 
free field xp with momentum Tiip is the canonical transformation determined by 

r2n r2n 



d(pnq) - H[q>,n] = d(p ritpxp - K[ip, Tijp] + —W[(p,il^], 

W[(p,ip] = [^""dcp 
Jo 
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This gives the transformation equations 

5}N 1 , 1 



Sep --VJ^e^smhi^jy 



(4.8) 



When used in the integrand of H[^, n] one finds, after an integration by parts and another 
use of the last of relations (14.81) . that 

K[xp, n^] = d<p (^-4 + ^xp'^\ , (4.9) 

which is the Hamiltonian of a free massless field in two dimensions. A useful form for its 
solution is 



1 f A'\ 

^p=-\n{ — \, n^ = ^p, A = A{x+),B = B{x- 



(4.10) 



One may find the general solution q> to Liouville's equation by replacing \p above in the 
second of relations (14.81 ). 

l^}i{A-BY |2^(1 + CB)2' C" ^ ' 

Finally, this expression can be used to express the energy-momentum tensor in terms 
of the arbitrary functions appearing in the general solution, 

T++ = -^{A;x+} = -A{C;x+}, T__ = -^{B-x-}. (4.12) 

4.2 Non-centrally extended limit 

On-shell, the charge densities, and thus the components of the energy-momentum tensor, 
now satisfy dul-i = and duV = dipH, so that they are given by 

H = ^0, V = ^i2E + u©'), @ = @{(p), Z = Z{(p), (4.13) 



Q^ = ^ 1^'' d(p{T@ + 2YE). (4.14) 



for some normalization a. On-shell, the charges reduce to 

cr^ Jo 

The on-shell transformation laws for the functions determining the energy-momentum 
tensor can then be worked out and are given by 

0(^) = 

r n 1 (4 15) 
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The associated infinitesimal versions are 

- (50 = y©' + 2Y'@, 



1 (4.16) 
= YE' + 2Y'S +-T@' + T'@. 



In the Backlund transformations (14.71) . (14. 81) and (14.91 ). the terms proportional to Z ^,1 ^ 
drop out, so that 

K[ip,n^:] = 1^ dcp-n^. (4.17) 



The free field ip now satisfies if) = and so is given by 



The second equation of (14.81) now yields 

B2 



,2 A+uB • 



(4.19) 



^cosh — 2 — 

Again, on-shell, the arbitrary functions determining the components of the energy-momentum 
tensor can be expressed in terms of the arbitrary functions appearing in the general solu- 
tion. 



^ 2 

= -^B^, E = ^A'B. (4.20) 
4^2 4^2 



4.3 Centrally extended limit 



The charge densities again satisfy duT-L = and duV = c^ipH on-shell, so that 

2 2 , 

^'^ ' ' /32 

with on-shell charges given by 

2 f^^, 

The on-shell transformation laws for the functions determining the energy-momentum 
tensor are now given by 

©{^) = {^')-^[©{cp)+2{^-cp}], 



n = ^@, V = -^{2E + u@'), © = ®{(p), E = E{(p), (4.21) 



Q?= ^ /„ (T& + 2YZ). (4.22) 



(4.23) 



The associated infinitesimal versions are 



^0 = Y0' + 2Y'@ - 2Y'" , 

1 (4.24) 

bE = YZ' + 2Y'Z + -T@' + T'© - T'". 
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The normalization ^ chosen above is conventional. The choice made here is such that the 
transformation laws agree with the gravitational ones. In the latter context 0, S denote 
the arbitrary functions that appear in the general solution to asymptotically flat gravity in 
three dimensions in BMS gauge (cf. section 3 of |[TOl ). 

The Backlund transformations are now determined by 



In 



d(p no-H[o, n] 



2n ^ 

d(p - K[ip, n^] + — W[0, ip], 



In 



d(p 



du 

1 ^ iit> ' 



so that 



n 



m 

5(p 



I 1 ^ 
= 0' + -v^e^. 



This gives again 



For the solution of the free theory, we now choose 

1 



A = A{cp), B 
and from (|4.26L one then finds the local solution 

A'B - B'A 



xp = -{A + 2u{\nB' 



el^^ = -((\nB) 



my 



B 



+ 2u[{\nB 



B^ 
B 



(4.25) 



(4.26) 



(4.27) 



(4.28) 



(4.29) 



In this case, the relation between the arbitrary functions in the energy-momentum 
tensor and those in the general solution is 



@ = -2{B;(p}, 



1 A'B" 
2 



B'A' 



B' 



(4.30) 



5 Conclusions 



In this note, we have taken a short-cut for constructing an action describing the boundary 
degrees of freedom of (2-1-1 )-dimensional, asymptotically flat Einstein gravity. In order 
to do so, we have taken appropriate "flat" limits of Liouville, which is known to be the 
theory that describes the boundary dynamics in the asymptotically anti-de Sitter case. The 
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limit may be taken in, at least, two different ways. Both give rise to BMS3 invariant two- 
dimensional field theories. Whereas the first limit has no central extension, the second 
one admits a central extension of exactly the same type than in the gravitational surface 
charge algebra. 

The constructed theories are interacting two-dimensional field theories with a sym- 
metry group, namely BMS3, that is of the same dimension than the conformal algebra. 
We have explicitly constructed the finite symmetry transformations and constructed the 
conserved charges in each theory. As for conformally invariant theories, this charges 
are related to the corresponding energy-momentum tensors, which are also given explic- 
itly. We have constructed the most general solutions of both theories making use of the 
Backlund transformations which, as for Liouville, maps the non-linear to a free field the- 
ory. 

We have worked in the canonical formulation. It turns out that for the case with 
vanishing central extension, the momentum may be eliminated in the Hamiltonian action 
principle, leading us to a second order, Lagrangian action. In the centrally extended case, 
which is the one appropriated for describing gravity, one cannot eliminate the momentum. 
One may, however, eliminate the original field in terms of the momentum. This gives rise 
to a spatially non-local Lagrangian. 

The complete analysis, which will be carried out in follow-up work, consists in start- 
ing from the first order Chem-Simons formulation of three dimensional gravity and im- 
plementing the Hamiltonian reduction required by the gravitational boundary conditions 
on the associated WZNW theory to end up with the proposed centrally extended flat limit 
of Liouville theory. This will in particular fix the overall normalization that has been left 
unspecified here. 
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